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Abstract: We study D-branes of the SL(2,R) WZW model and of its discrete
orbifolds. Gluing the currents by group automorphisms leads to three types of
D-branes: two-dimensional hyperbolic planes (H2), de Sitter branes (dS2), or anti-de
Sitter branes (AdS2). We explain that the dS2 branes are unphysical, because the
electric eld on their world-volume is supercritical. By combining SL(2,R) and
SU(2), we exhibit a class of supersymmetric AdS2  S2 three-brane world-volumes,
and consider their possible embeddings in the near-horizon region of stringy black
holes. We point out the intriguing dierence between the induced and the ef-
fective geometries of these D-branes, and speculate on its possible signicance.
Dedicated to the memory of Lochlainn O’Raifeartaigh, who among his many im-
portant contributions was also the first to study string theory on SL(2,R).
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1. Introduction and summary of results
The purpose of the present work is to study D-branes of the SL(2,R) Wess{Zumino{
Witten model [1, 2] and of its discrete orbifolds. The corresponding target-space
geometries are three-dimensional anti de Sitter (AdS3) with a Neveu{Schwarz three-
form flux, and the three-dimensional anti-de Sitter black holes [3, 4]. These can
be embedded into exact supersymmetric backgrounds of string theory [5, 6] which
arise, in particular, as near-horizon geometries of stringy black holes [7, 8, 9, 10,
11, 12, 13, 14]. They provide, furthermore, a unique setting in which to analyse
the AdS/CFT correspondence [15, 16] beyond the supergravity approximation. The
study of D-branes in these backgrounds is thus a problem of signicant interest.
The WZW D-branes for compact Lie groups have been by now rather well under-
stood [17, 18, 19, 20, 21, 22, 23, 24] both from the conformal eld theory (CFT) and
from the geometric, target-space viewpoint. In the CFT, the symmetric D-branes
are described by generalized Cardy boundary states, which are linear superposi-
tions of Ishibashi or \character" states [42, 43]. The latter couple to closed strings
in a particular representation of the current algebra, while the former have integer
open-string multiplicities and can be identied with semi-classical branes. From the
geometric point of view, these branes wrap special (twined) conjugacy classes of the
group manifold [18, 19, 20], a fact at rst sight paradoxical because conjugacy classes
are not minimal-area surfaces, and they can contract to a point. The D-branes carry,
however, a quantized world-volume flux whose coupling with the background Neveu{
Schwarz antisymmetric eld prevents them from shrinking to zero size [22, 23].
For the non-compact group SL(2,R), the analogous story has not been un-
ravelled. Some results on symmetric D-branes have been derived in [44, 45], but
even the perturbative string theory is not yet fully understood, despite signicant
recent progress [46, 47] (see also [48, 49, 50, 51, 52, 53]). One of our motivations
in the present work was to gain more insight into this important CFT through the
semi-classical analysis of D-branes. In fact, as has been shown in reference [22], the
semi-classical analysis for compact groups gives exact results for such CFT data, as
conformal weights of vertex operators, and elements of the modular-transformation
matrix S. We believe that this is due to some underlying supersymmetry, and we will
therefore discuss in detail supersymmetric settings in which the WZW D-branes for
both SL(2,R) and SU(2) can be embedded. Our analysis will reveal subtle features
that were not present in the case of compact groups: unphysical brane trajectories,
quantization conditions that are higher-order in the string coupling, divergent ener-
gies etc. How these arise from the CFT is an interesting question, to which we hope
to return in the near future.
One other interesting aspect of WZW D-branes has to do with their eective
world-volume theory. For the spherical D2-branes of SU(2) this was shown [21, 24]
∗See also [25{41] for related works.
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to be a non-commutative eld theory on the fuzzy two-sphere [54]. Within the semi-
classical analysis, the result follows at least qualitatively from the observation that
the antisymmetric-tensor flux through the two-sphere can be made much larger than
the induced metricy. One has thus a curved-space analog of the decoupling limit
considered in [55, 56, 57]. For the AdS2 D-branes of SL(2,R), which we will exhibit
in the present work, the situation turns out again to be subtler. The AdS2 branes are
the world-volumes of D-strings carrying an electric eld that can, if desired, be tuned
to its critical limit. This provides a curved-space analog of the non-commutative
open-string theories, whose existence was conjectured in references [58, 59].
The plan of this paper is as follows: in Section 2 we will consider symmetric glu-
ing conditions for SL(2,R), and discuss the geometry of the corresponding D-branes.
These were analysed previously by Sonia Stanciu [44], whose results we will extend
in several ways. We will show, in particular, that in addition to regular conjugacy
classes, which are two-dimensional hyperbolic (H2) or de Sitter (dS2) spaces, there
exist twined conjugacy classes with two-dimensional anti-de Sitter geometry (AdS2).
These are the only \physically admissible" world-volumes, as we will explain in the
next two sections. Specically, in Section 3 we will see that the dS2 world-volumes
describe, in cylindrical coordinates, circular D-strings which reach the boundary of
AdS3 in a nite time. We will explain why this is impossible, and identify the \pathol-
ogy" as a supercritical world-volume electric eld. We will also exhibit oscillating
trajectories, which break the diagonal SL(2,R) invariance and provide interesting ex-
amples of non-symmetric boundary conditions in WZW models. In Section 4 we will
analyse similarly the AdS2 world-volumes, which correspond to static (1, q) strings
stretching across antipodal points on the AdS3 boundary. We will show that these
AdS2 world-volumes are the only static solutions of the Dirac{Born{Infeld equations
with Neumann boundary conditions along the Poincare horizon.
In Section 5 we will combine the SL(2,R) and SU(2) branes, in order to pre-
serve some space-time supersymmetries. The resulting AdS2S2 D3-branes respect,
as we will show, half of the supersymmetries of the ambient AdS3S3 geometry,
which arises in the near-horizon region of the NS5/F1 black string. In Section 6
we discuss these BPS D3-branes from the perspective of their world-volume. One
striking fact is that, whereas the induced radius of AdS2 can be made arbitrarily
large, and that of S2 arbitrarily small, the eective open-string radii stay equal to
each other, and to the radius of the ambient geometry. This is required by world-
volume supersymmetry, and points towards a more general property of D-branes.
Interestingly, the eective geometry on the D3-brane turns out to be the same as
for an extremal four-dimensional dyonic black hole. In Section 7 we will investigate
the fate of these D-branes in the background of a BTZ black hole, which is obtained
by discrete identications of (a part of) AdS3 space-time. The BTZ geometry arises
†This came up in a discussion with Steve Shenker.
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in the near-horizon region of the four- and ve-dimensional black holes used in the
microscopic entropy calculation [60, 61, 13, 14]. We will explain why supersymmetry
is always broken by our D-branes in this case, but could be restored for more general
orbifolds possibly related to spinning ve-dimensional black holes [62, 63].
We have collected, for the reader’s convenience, the various coordinate systems
for AdS3 in Appendix A. In Appendix B we reanalyse the AdS2 branes in global
(rather than Poincare) coordinates, which are better adapted for the study of small
fluctuations. Appendix C contains a brief discussion of the instatonic H2 branes.
2. (Twined) conjugacy classes of SL(2,R)
All n-dimensional manifolds of constant curvature, and with either Euclidean or










+   + (Xn−12 + n (Xn)2 = L2. (2.1)
Here 0, n,  =  are signs, and the ambient space has signature (0,+, . . . ,+, n).
Correspondingly, the pseudosphere has SO(n+1), SO(n, 1) or SO(n−1, 2) isometry.
The dierent possibilities are summarized in the table below.
(0, n, ) Space Signature
{ { { AdSn Lorentzian
{ + + dSn Lorentzian
{ + { Hn Euclidean
+ + + Sn Euclidean
Table 1: The four (pseudo)spheres described by Eq. (2.1) and which have at most one
time-like coordinate in n dimensions.
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The two missing entries in this table are (−−+) which gives a pseudosphere with
two time-like coordinates, and (+ + −) which gives an equation with no solutions.
The space Hn is the hyperbolic space of constant negative curvature, also called
Euclidean AdS or Lobatchevski plane. For the ordinary, Lorentzian AdS, the time
coordinate is the angular coordinate in the (X0, Xn) plane. To avoid closed time-
like curves one must ignore this periodic identication and consider the full covering
space, obtained by gluing together an innite number of pseudospheres. All of the
above spaces have Ricci scalar curvature equal to n(n− 1)/L2.
We turn now to the special case of AdS3, which is the (universal cover of the)
group manifold of the non-compact group SL(2,R). A general group element can
be parametrized as follows:
g = 1L

X0 +X1 X2 +X3
X2 −X3 X0 −X1

, (2.2)
so that Eq. (2.1) is the condition that the determinant of the matrix be equal to
one. We are interested in the (twined) conjugacy classes
W!g =

ω(h)gh−1, 8h 2 SL(2,R)} , (2.3)
where ω is an automorphism and g a xed element of the group. The W!g are the
world-volumes of D-branes obtained by identifying, modulo ω, the left and right
moving SL(2,R) currents of the WZW model [18, 19, 20]. Since these boundary
conditions preserve a larger symmetry than Virasoro, the corresponding D-branes are
not generic. They are however simplest to discuss, and we will focus our attention
on them in what follows.
When ω is an inner automorphism, ω(h) = g−10 h g0, so thatW!g is the (left) group
translation of some regular conjugacy class of the group (the class of the element g0g).
It is thus sucient to take g0 = 1, and then consider group transformations of the
resulting trajectoriesz. In the parametrization (2.2) the regular conjugacy classes are
described by
tr g = 2X0/L = 2 ~C (2.4)
for some constant ~C. Plugging this into equation (2.1) one nds:
(
X3
2 − (X12 − (X22 = L2 1− ~C2 . (2.5)
The nature of this world-volume depends on whether
 ~C is bigger, equal or smaller
than one. From Table 1 we see that for
 ~C < 1 the world-volume is a hyperbolic
‡More generally there is a non-trivial (left and right) SL(2,R)SL(2,R) action that gives new
classical trajectories from old ones. Since our D-branes preserve a diagonal symmetry, only half of
this action is non-trivial in our case.
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plane (H2), for
 ~C > 1 it is two-dimensional de Sitter space (dS2), while in the
special case
 ~C = 1 it degenerates into (part of) the light cone in three dimensions.
Strictly speaking this latter breaks up into three distinct conjugacy classes (the apex,
the future cone and the past cone), while for
 ~C < 1 one nds also two disjoint
hyperbolic planes. These D-brane world-volumes have been described previously by
Jose Figueroa-O’Farrill and Sonia Stanciu [44, 45]. Note that the hyperbolic plane
has Euclidean signature and must thus be interpreted as an instanton. As we will
show in the following section, the dS2 world-volumes are also \unphysical" because
they occur in a region of supercritical electric eld, where the D-brane action is
imaginary. None of the above world-volumes corresponds, therefore, to a physically-
acceptable D-brane motion.
Conjugacy class D-brane
−1 < tr (ω0g) <1 AdS2
j tr gj < 2 H2
j tr gj > 2 dS2
j tr gj = 2 light cone
g = 1 point
Table 2: The dierent (twined) conjugacy classes of SL(2,R) and the geometry of the
corresponding D-brane world-volumes. All world-volumes have dimension two, except for
the degenerate case g = 1, which corresponds to a point-like D-instanton.
Consider next the case when ω is an outer automorphism. The non-trivial outer
automorphism of SL(2,R), up to group conjugation, is the operation that changes
the sign of X1 and X3, while leaving X0 and X2 unchanged. In terms of 2  2
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matrices we may write






Since ω0 is not an element of the group (its determinant is minus one) this automor-
phism is indeed not inner. The D-brane world-volume corresponding to this gluing
condition is the twined conjugacy class
tr (ω0g) = 2X
2/L = 2C , (2.7)
with C a constant. For any value of C the world-volume geometry is, in this case,






2 − (X12 = L2 (1 + C2 . (2.8)
We will show in Section 4 that the AdS2 geometries are physically-acceptable world-
volumes of stretched D-strings. Combining ω0 with non-trivial inner automorphisms
gives other physical trajectories, which are group translations of (2.8).
Table 2 summarizes for convenience all the (twined) conjugacy classes of SL(2,R).
In the CFT, the corresponding D-branes should be appropriate superpositions of
Ishibashi boundary states of the current algebra. Their algebraic construction is a
very interesting and subtle problem, which we will not address in the present work.
We will focus instead on their geometric, semi-classical interpretation.
3. Dynamics of a circular D-string
There are several dierent coordinate systems for AdS3 that will be useful in our
analysis { we have collected them all for convenience in Appendix A. The global
structure is easier to visualize in the cylindrical coordinates
X0 + iX3 = L cosh ρ ei , X1 + iX2 = L sinh ρ ei , (3.1)
in which the metric and Neveu{Schwarz antisymmetric tensor backgrounds of the
WZW model read:
ds2 = L2
(− cosh2ρ dτ 2 + dρ2 + sinh2ρ dφ2 , (3.2)
and
H = dB = L2 sinh(2ρ) dρ ^ dφ ^ dτ . (3.3)
The three-form eld strength is the volume form of the manifold, up to a constant of
proportionality that is xed by the conformal-invariance conditions. The coordinate
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φ is an angular variable, ρ is a radial variable taking values in [0,1[, and ρ ! 1
is the boundary of the anti-de Sitter space. The radius of AdS3 is given by the
level ~k of the associated SL(2,R) current algebra. In the semi-classical, large-radius
limit L2 ’ ~kα0. In contrast to the compact case SU(2), the level k need not be
here integer, since the B-eld has no Dirac singularity anywhere in the interior of
space-time.
In cylindrical coordinates the dS2 conjugacy class is given by
X0/L = cosh ρ cos τ = ~C > 1 , (3.4)
where ~C is constant. This is the world-volume of a circular string moving in from
the boundary of AdS3 to some minimum radius, cosh ρmin = ~C, and then out to the
boundary again. The entire motion occurs over a time interval τ = pi. This motion
is forbidden classically, because only a massless particle may reach the boundary of
AdS, and our D-strings are a priori massive.
To see why a massive particle can never reach the boundary of AdS, consider its
energy as measured by an observer sitting at the center,
EL = ∂L∂ _ρ _ρ− L = mL cosh2ρ
q
cosh2ρ− _ρ2 . (3.5)
Here m is the mass of the particle, L the relativistic point-particle Lagrangian, the
dots stand for derivatives with respect to τ , and we have restricted our attention for
simplicity to radial motion. This energy is bounded from below by the blue-shifted
mass, E  m cosh ρ, i.e. by the mass of the particle when at rest at radius ρ. Bringing
the particle to the boundary, where the blue shift diverges, would require an innite
energy, and is thus not allowed.
The extension of the argument to a (p, q) string requires some care, because
of the extra coupling to the B-eld background. A fundamental \long string", in
particular, can reach the boundary of AdS3 despite the innite blue shift, and even
though its length also diverges [46, 52]. The reason for this is that the innite tensive
energy cancels against the divergent B-eld potential. Such a mechanism does not,
however, work for a general (p, q) string, whose tension is greater than its Neveu{




p2T 2D + q
2T 2F > ρB = qTF . (3.6)
Thus, tension dominates near the boundary of AdS, which for all but pure funda-
mental strings (p = 0) is an energetically-forbidden regionx.
§F-strings and (p, q) strings are exchanged by SL(2,Z) duality, but the symmetry is here broken
by the NS background.
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We can make the argument more precise, by considering the Dirac{Born{Infeld
action for a D-string (see for instance [64])
I =
Z




g^ + B^ + 2piα0F

. (3.7)
Here g^ and B^ are the pull-backs of the WZW backgrounds, and F the world-volume
electric eld. We are neglecting higher-order curvature corrections to the DBI action,
and we have also dropped the Wess{Zumino terms, because all RR backgrounds
vanish. We may choose a gauge in which the NS background reads:
B = L2 sinh2ρ dφ ^ dτ . (3.8)
Using φ and τ to parametrize the D-string world-volume, and keeping only the global





− det g^ −F2 , (3.9)
where
det g^ = −L4 sinh2ρ (cosh2ρ− _ρ2 , (3.10)
and
F = L2 sinh2ρ− 2piα0 _A . (3.11)
The Wilson line A is a cyclic variable: it is periodic with period one and its
conjugate momentum is a quantized constant of the motion,
12pi  ∂L∂ _A = −2piα0 TDF
q
− det g^ − F2 = −q 2 Z . (3.12)
The integer q is the number of oriented fundamental strings bound to the D-string
[64]. The other constant of the motion is the energy, as measured by an observer
sitting at the center of AdS3:
EL = 2pi

∂L∂ _ρ _ρ+ ∂L∂ _A _A − L

= 2piTD L
4 sinh2ρ cosh2ρ− B F
q
− det g^ − F2 .
(3.13)
Using Eqs. (3.8) and (3.12), as well as the derived relation
TD
q
− det g^ −F2 = T(1;q)
p
− det g^ , (3.14)
we can put the energy in the more suggestive form
E = M(ρ) cosh2ρ
q
cosh2ρ− _ρ2 − 2piqLTF sinh2ρ , (3.15)
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where
M(ρ) = 2piLT(1;q) sinh ρ (3.16)
is the (eective) mass of a circular (1, q) string sitting at radius ρ in AdS3 space.
Equation (3.15) exhibits the two competing terms of the potential energy: the
blue-shifted mass, and the interaction with the B-eld potential. Because T(1;q) >
jqjTF, the rst term diverges faster than the second near the boundary, which is
thus a forbidden region as advertised. For pure fundamental strings, on the other
hand, the two divergent terms can cancel in the asymptotic region, leading to a
nite energy E  piqLTF. This agrees with the CFT analysis of [46, 47], where the
energy of a long fundamental string was found to be E  pi$LTF; $ stands here for
the spectral-flow integer parameter that turns out to be a string winding number.





Figure 1: A circular (1, q) string performing a periodic breathing motion in AdS3.
The radial motions of a D-string can be obtained easily from Eq. (3.15), by
rst solving for _ρ as function of ρ, and then integrating the time. They are periodic
movements in which the string goes out to a maximum radius ρmax before recollapsing







This diverges in the (formal) limit T(1;q) ! qTF, consistently with the fact that
fundamental strings can indeed reach the boundary of AdS3 space. Notice that the
above world-volumes provide an example of non-symmetric D-branes. Left and right
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currents in the CFT are not glued by a global automorphism { if they were we would
have obtained one of the world-volumes in Table 2.
There is one nal point to address: the dS2 world-volumes were obtained from
conformally-invariant gluing conditions, so they must satisfy automatically the (target-
space) Dirac{Born{Infeld equations. How come then that such motions are not al-
lowed? The answer is that they are solutions of the DBI equations, indeed, but in
the unphysical region of supercritical electric eld, F2 > − det g^. We can check this
by plugging (3.4) in the expression for the energy, which is a (vanishing) constant of
the motion only if q is allowed to become imaginary.
An alternative derivation can be given in the system of coordinates
X0 = L cosh ~ψ , X3 = L sinh ~ψ sinh ~t , X1 + iX2 = L sinh ~ψ cosh ~t ei , (3.18)
in which the dS2 world-volumes are sections at xed values of ~ψ (see Appendix A).
The string metric and Neveu{Schwarz potential in a convenient gauge read:
ds2 = L2
h
d ~ψ2 + sinh2 ~ψ




sinh 2 ~ψ2− ~ψ

cosh ~t dφ ^ d~t . (3.20)
We use ~t and φ as world-volume coordinates, and turn on a covariantly-constant
electric eld
F = dA = aL2 cosh ~t dφ ^ d~t , (3.21)
with a constant. A simple calculation leads to the following DBI action for a xed- ~ψ
trajectory:







sinh 2 ~ψ2− ~ψ + 2piα0a
2
. (3.22)
A dS2 world-volume with a covariantly-constant electric eld will be a solution of
the full D-string equations, provided we extremize the DBI action with respect to ~ψ.
This is guaranteed by the unbroken SL(2,R) symmetry. Solving the ~ψ equation gives
~ψ = 2piα0a, or ~ψ = 0. The latter is a degenerate solution, while the former is precisely
our dS2 world-volume, with ~C = cosh 2piα
0a. One can check that for all a 6= 0 the
expression inside the square root above is negative, i.e. the world-volume eld is
supercritical. This shows that the dS2 solution is indeed physically-unacceptable, as
advertised.
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4. Stretched static D-strings
Let us proceed next to analyse the D-branes with AdS2 geometry. In cylindrical
coordinates, the dening relation (2.7) reads:
sinh ρ sin φ = C . (4.1)
This is the world-volume of a static string stretching between two antipodal points
(φ = 0, pi) on the boundary of the ambient AdS3 space-time, see Figure 2. The
minimal radius is
ρmin = arcsinhC . (4.2)
We will see in a moment that C = qTF/TD, where q is the number of fundamental





Figure 2: A (1, q) string stretching between two antipodal points on the boundary of
AdS3 space. The minimal radius of the D-string is ρmin = arcsinh (qTF/TD).
Starting with the solution (4.1) we can obtain other classical trajectories by
acting with non-trivial SL(2,R)  SL(2,R) transformations. These are generated
(i) by φ-rotations and (ii) by boosts in the (X0, X2) and (X2, X3) planes of the
embedding R(2;2) space. World-volumes \boosted" in the plane (X0, X2) are dened
by the relation
cosh β sinh ρ sinφ− sinh β cosh ρ cos τ = C , (4.3)
with β an arbitrary boost parameter. They describe periodic motions of the stretched
string, with a period τ = 2pi. The two end-points in particular, at
φ = arcsin (tanhβ cos τ) , (4.4)
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oscillate around the positions φ = 0, pi. All these trajectories are equivalent in AdS3,
since they are related by exact isometries of the space-time. We will thus focus our
attention on the static situation in what follows.
It will be useful later to visualize the AdS2 world-volume in Poincare coordinates,





dx2 − dt2 . (4.5)
The Poincare coordinates do not cover the entire AdS3 (see Appendix A for details),
but they arise naturally in the near-horizon geometry of stringy black holes. They
are related to the cylindrical coordinates as follows:
x t = 1u (sinh ρ sinφ cosh ρ sin τ) (4.6)
and
u = cosh ρ cos τ + sinh ρ cos φ . (4.7)
The boundary of AdS3 is at juj ! 1, while u = 0 is an event horizon of the Rindler
type. A static observer in the center of the cylinder appears to be falling through






Figure 3: Static stretched (1, q) strings, with AdS2 world-volume, in the Poincare coor-
dinates. The three cases correspond to C positive, zero and negative, as explained in the
text. The arrows show the orientation of the bound fundamental strings.
Our static stretched string, Eq. (4.1), on the other hand, is also static in the
new coordinate system, where it is given by
u = Cx . (4.8)
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This describes a string extending radially in towards the horizon at large u. For
C = 0 the string is straight and cuts the horizon at x = 0, while for C 6= 0 it turns
around and only approaches the horizon asymptotically, see Figure 3. In both cases
the length of the string diverges near the horizon, but thanks to the innite redshift
the tensive energy in this region stays nite. It is worth noting that φ-rotations of
Eq. (4.1) give D-strings that do not look static to the particular Poincare observer.
Let us verify now that these static strings solve the DBI equations of motion.
We will keep working in Poincare coordinates { the analysis in global coordinates is
presented in Appendix B. The general D-string conguration in Poincare coordinates
can be described by a function u(x, t) and by a world-volume gauge-eld strength
Fxt. The induced metric is
g^ = (Lu)2

_u2 − u4 _uu0
_uu0 u02 + u4

, (4.9)
where _u  ∂tu and u0  ∂xu. Furthermore, the world-volume electric eld can be
written as
F = L2 (u2 + f dx ^ dt , (4.10)
where f  2piα0Fxt/L2, and we have chosen the convenient gauge for the Neveu{
Schwarz background: B = L2u2 dx ^ dt (recall that dB must equal 2/L times the
normalized volume three-form). Putting all this together leads to the following DBI





u4 + u02 − _u2 − (u2 + f)2 . (4.11)
We are interested in static extrema of this action.
The equation of motion for the gauge eld is the Gauss constraint, which ensures
the continuity of electric flux:
2piα0 TDFxt
p
− det g^ − F2xt = −q 2 Z . (4.12)
Strictly-speaking, the Gauss constraint is the x-derivative of Eq. (4.12). We have
written it in integral form so as to exhibit explicitly the fact that q, which is the
number of fundamental strings bound to the D-string, is quantized. Notice that the
quantization argument given in the previous section was based on the fact that the
Wilson line around a closed string is periodic. A piece of string does not \know",
however, whether it will eventually close or not. Locality, therefore, demands that
the quantization be more generally valid. Notice also that the Gauss condition is
equivalent to Eq. (3.14) { a useful rewriting for the manipulations that follow.
To solve the remaining u-eld equation we use the continuity equation of the
energy{momentum tensor ; because of the explicit two-dimensional Poincare in-
variance, this tensor is conserved. The (improved) energy{momentum tensor is
 = ∂L∂∂u ∂u+ ∂L∂Fγ Fγ − δ L , (4.13)
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where the Greek indices run over (t, x). For a static string, _u = 0, the energy{
momentum tensor is diagonal so that, by the continuity equation, xx is a world-
sheet constant. A somewhat lengthy but straightforward calculation, with the help







u4 + u02 − qTF u2

. (4.14)
Suppose that x-momentum does not flow out of the string at innity { this amounts
to free boundary conditions in the direction of the event horizon. We must then
demand that xx = 0, which is possible only for q  0, and has the general solution
u = Cx− x0 , with C = qTFTD . (4.15)
We have thus found the AdS2 branes, Eq. (4.8), up to an overall translation in the
x direction. The constant C, which determines the radius of AdS2, is proportional
to the number of fundamental strings in the bound state. It is quantized in units of




1 + C2 = LT(1;q)TD . (4.16)
The fact that q is positive implies a denite orientation for the fundamental strings,
as shown in Figure 3. Notice nally that Fxt = 0 for these solutions { gauge-invariant
meaning can, however, only be attached to Fxt.
Allowing an arbitrary xx leads to a more general class of static solutions. Some
of these describe strings that return to the boundary of AdS3 without crossing the
event horizon at u = 0. In the holographically-dual CFT string end-points probably
correspond to heavy external sources, analogous to the external quarks in N = 4
SYM. The above solutions would enter the calculation of the static force between such
external sources. Supersymmetry could constrain the allowed boundary conditions,
probably along the lines of Ref. [65]. We will not pursue these interesting issues here
any further.
The energy of our static string, as measured by an observer sitting at radial









u4 + u02 − qTF u2

. (4.17)
This is the sum of tensive energy plus the interaction with the B-eld background.
The reader is invited to check that u = C/x solves indeed the local minimization
condition, as advertised. The total energy diverges near the boundary of AdS3, but it
is on the other hand convergent near the event horizon. A straightforward calculation
with the help of Eq. (4.16) gives:
E = TDLu0 , (4.18)
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where u0 is a cut-o in the radial coordinate. Note that the number, q, of fundamental
strings has dropped out of the above expression.
Our nal comment concerns the extension of this solution behind the event
horizon, at u = 0. As seen in Figure 2, and discussed further in Appendix B, an
observer at the center of the cylinder sees a static string stretching across antipodal
points on the boundary { nothing special happens, from his point of view, at the
Poincare horizon. To a Poincare observer, on the other hand, the string seems to
extend along the horizon indenitely (for q 6= 0) without ever crossing inside. This
is analogous to the well-known phenomenon that a particle trapped by a black hole
appears to be falling in eternally in the eyes of an outside observer.
5. Supersymmetric AdS2 × S2 branes
The stability of the AdS2 branes would be garanteed if we can embed them in a setting
in which some supersymmetries are preserved. One such setting is provided by the
near-horizon geometry of a black string, constructed out of Q5 NS ve-branes and Q1
fundamental strings of type-IIB theory. Both of these extend along the non-compact
direction x, while the ve-branes wrap also a compact four-manifoldM4 (e.g. a four-
torus, or K3). The near-horizon geometry of this conguration is AdS3  S3 M4.
The AdS3 is parametrized by the coordinate x, the time coordinate t, and the radial
coordinate measured from the horizon u. We will take for simplicity M4 = T 4 in
what follows. This near-horizon geometry admits an exact CFT description, as a
supersymmetric WZW model on the product manifold SL(2,R)  SU(2)  U(1)4.
The radii of the AdS3 space and of S
3 are equal to each other, and xed by the
number of NS ve-branes,
L2 = Q5 α
0 = (k + 2)α0 . (5.1)
Here k is the level of the SU(2) bosonic current algebra, while the level of the
SL(2,R) algebra is ~k = −(k+4). One can check that the total central charge, taking
also into account the U(1)4 torus part, adds up to the critical value c = 3/210. The
above expression for the radii, valid a priori in the weak-curvature limit, is protected
by the unbroken supersymmetry and is expected to be exact.
A simple set of D-branes in this geometry can be obtained by putting together
the stretched D-strings of the previous section, and the spherical D2-branes of the
WZW model for SU(2). Let us recall briefly some salient features of these latter
[18, 22]. The regular conjugacy classes of SU(2) are two-spheres embedded in the
three-sphere group manifold. Since pi2(S
3) is trivial, the corresponding branes could
a priori shrink to zero size. What stabilizes them at a xed radius is a world-volume
magnetic flux, quantized in units of the inverse area of the brane. There is one D-
brane for each integer 0 < pα0 < L2, and it carries p units of magnetic flux. The
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induced metric and the gauge-invariant two-form (F = B^+2piα0F ) for the pth brane
read:









where dΩ22 and dω2 are the conventionally-normalized metric and the corresponding
volume form on the two-sphere (not to be confused, hopefully, with the group auto-
morphism of the gluing conditions!). The D-brane mass and charge, derived from the
Dirac{Born{Infeld and the Wess{Zumino actions, as well as the spectrum of small
fluctuations, agree as should be expected with the CFT results in the semi-classical,
large-k limit. More surprisingly, the agreement is in fact exact, if one takes Eq. (5.1)
at face value for all k [22].
Combining now these spherical D2-branes with the D-strings of Section 4, gives
a set of D3-branes in AdS3  S3, with induced geometry AdS2  S2. Such branes
correspond to conformal boundary states, since they can be obtained by tensoring (in
the Neveu{Schwarz and Ramond sectors separately) conformal boundary states for
SL(2,R) and SU(2). Alternatively, one can use the factorization of the DBI action
to prove that the semi-classical equations admit solutions of such product form. The
only subtlety concerns the quantization condition (4.12), whose left-hand-side must
be now multiplied by an extra factor of p. Accordingly, the constant C and the AdS2
radius are modied to
C = qTFpTD and `AdS2 = LT(p;q)pTD . (5.3)
An AdS2  S2 brane is drawn schematically in Figure 4: it is a (hyper)tube
of xed spherical cross section, which approaches tangentially the horizon of the
background NS5/F1 black string. The brane carries the quantum numbers of a (p, q)
string, as can be checked by calculating the world-volume fluxes through the two-
sphere. Notice that the quantized fluxes are the integrals (i) of the magnetic eld
F = dA = −p
2
dω2, rather than of the gauge-invariant combination F , and (ii) of
the (dual) electric displacement ?∂L/∂Fxt. This is consistent with the fact that
the elementary electric charge { the end-point of a fundamental string { couples
minimally to the gauge potential A.
The NS5/F1 black string background preserves 1/4 of the 32 type-II supersym-
metries. These are doubled in the near-horizon geometry, where the background
invariance is enhanced to superconformal. We want to show now that half of the un-
broken near-horizon supersymmetries are also preserved by the AdS2S2 D-branes.
This is easiest to establish directly in the CFT, by extending the arguments of Refs.





Figure 4: The AdS2S2 D-brane in the near-horizon geometry of a NS5/F1 black string.
The D3-brane carries the quantum numbers of a (p, q) string.
coordinates, transforming in the adjoint representation of the product group. Let us
call the left- and right-moving fermions ψA and ψA, with A a flat tangent-space index.









Q =  Q , (5.4)
where Q and Q are two ten-dimensional Weyl{Majorana spinors, and the minus or
plus sign refers to type IIA or type IIB. In addition, the non-trivial background











A Q = Q , (5.5)
where only the SL(2,R)  SU(2) tangent indices enter in the product. From the
world-sheet point of view, these projections follow from the super-Virasoro condi-
tions, because of the trilinear terms in the superconformal generators. These projec-
tions reduce the space-time supersymmetry by a half, as expected.
Now our AdS2  S2 branes impose the gluing conditions on world-sheet bound-
aries:
JA = −ω ( JA and ψA = −ω ( ψA , (5.6)
with ω the corresponding algebra automorphism. Consistency of the operator prod-
uct expansions implies appropriate boundary conditions on spin elds, such that any
unbroken supersymmetries must be of the form [64]
Q+ Ω Q , (5.7)
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with Ω the action of the automorphism on the SO(1, 9) spinors. To be more explicit,
ω induces an automorphism of the SO(1, 9) algebra in spinor space, which can be




! i4 ω (ΓA , ω (ΓB  Ω AB Ω−1 . (5.8)
This denes the spinor-transformation matrix Ω. Now since ω does not mix the
SL(2,R)  SU(2) and U(1)4 currents, it follows that Ω acts as a tensor product
on the corresponding SO(1, 5) and SO(4) spinors. Thus, Ω is compatible with the
chirality projections (5.5), and hence the unbroken supercharges (5.7) can be dened.







Figure 5: A (p, q) string stretching between a flat D3-brane and an orthogonal NS5/F1
black string. The AdS2S2 branes describe the (p, q) string in the near-horizon region of
the black string.
Whether some of these supersymmetries can be preserved in the asymptotically-
flat region of the black string is less clear. Figure 5 illustrates a (p, q) string emerging
from the NS5/F1 black string, and ending, for example, on an orthogonal distant
D3-brane (this latter plays no role in our argument here). The (p, q) string and the
orthogonal F-strings and NS5-branes have mutually-incompatible supersymmetries,
so one may hastily conclude that the conguration is not supersymmetric. This
need not, however, be a priori true. If q = 0 for example, the D-strings and the
orthogonal NS5-branes break only 1/4 of the supersymmetries. Furthermore, the p
D-strings can merge with the Q1 background F-strings into a (p,Q1) bound state at
a supersymmetric junction [66, 67, 68]. If Q1 is much greater than pTD/TF, the angle
at the junction is almost equal to pi, so that the F-strings will be almost straight.
Thus it is very likely that some of the near-horizon supersymmetries survive in the
asymptotic region in this case. It would be interesting to study this question in more
detail.
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6. The view from the brane
The above CFT proof of supersymmetry appears at rst sight to contradict the
following, alternative argument: the eective theory of the U(1) vector multiplet on
the D3-brane has a (global) supersymmetry, if and only if the background geometry
admits a covariantly-constant spinor{. This in turn implies that the Ricci scalar
curvature must vanish, which in our case means that the AdS2 and S
2 radii `AdS2
and `S2, respectively) must be equal. From our previous discussion, however, it
follows that





The two radii are thus only equal in the special case q = 0 and p = L2/2α0, whereas
our CFT proof of supersymmetry was valid for all values of p and q. Clearly one of
the two reasonnings must be wrong.
The fallacy is actually in the above eective-eld-theory argument. The radii
(6.1) were calculated with the induced world-volume metric, but the vector-multiplet
states are open strings which couple to an effective open-string metric. It is this
latter metric that must admit a covariantly-constant spinor. Since the F -eld on the
D3-brane is a closed two-form, the induced and open-string metrics are related by
the standard formula [69]:
G = g^ − Fγ g^γ F . (6.2)
Both F and the metric are block-diagonal, so we may compute the right-hand side
separately for the AdS2 and S
2 components of the brane. A simple calculation, using
Eqs. (5.2), gives for the two-sphere:
ds2open = L
2 dΩ22 . (6.3)
Similarly, from the results of the previous section, one can calculate readily the





du2u2 − L2u2 dt2 and F = L2 C dt ^ du , (6.4)




du2u2 − u2 d~t2 with ~t = tp1 + C2. (6.5)
Thus, to an observer on the D3-brane, the radii of S2 and AdS2 appear equal to each
other, and to the radius L of the ambient geometry, independently of the quantum
numbers p and q. This is precisely what the unbroken supersymmetry requires.
¶To see why start with the N = 1 supergravity plus super-Maxwell Lagrangian in four dimen-
sions, and freeze the supergravity elds to some background values. Rigid supersymmetries of the
resulting theory should not transform the supergravity backgrounds. But for the gravitino eld to
stay inert, the supersymmetry parameter must be a covariantly-constant spinor.
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We nd the above result quite remarkable, and suspect that it could be more
generally valid. Notice that to an observer in the bulk the two-sphere may look
exceedingly small,
`S2  L if pα0/L2  1 (6.6)
and the AdS2 space arbitrarily flat,
`AdS2  L if qTF  pTD. (6.7)
Yet, from the perspective of a brane observer the radii cannot vary at all { they are
frozen by the ambient curvature! This could be also deduced from the CFT: the
conformal weights of open-string vertex operators are the same as those of closed-
string vertex operators, and do not depend on the quantum numbers of the D-brane,
p and q. These latter enter in the choice of allowed representations, but do not
therefore aect the covariant wave operator on the brane. The fact that the AdS2
brane stays eectively curved, even though its induced metric is almost flat, could
be signicant for Randall{Sundrum compactications of string theoryk. Notice, in
passing, that the open-string geometry is identical to that of an extremal dyonic
(Reissner{Nordstro¨m) four-dimensional black hole. Note also that the propagation
of open strings does not violate causality in the bulk, as is expected on general
grounds [72].
The world-volume theory on the D3-brane is particularly interesting in the limits
(6.6) and (6.7). Consider the limit (6.6) rst: from Eqs. (5.2) it follows easily that
F  g^, so that the open strings will behave as light dipoles in a strong external
magnetic eld. Each string endpoint, in particular, is localized on one of the p lowest
Landau states, so that the string has  p2 low-lying excitations. This is precisely
the decoupling limit in which the eective low-energy theory is a non-commutative
gauge theory on the fuzzy two-sphere. Consider next the limit (6.7), which implies
C !1. From Eqs. (6.4) we conclude that the electric eld tends to its critical value
in this case, so the world-volume theory is a curved analog of the conjectured non-
commutative theory of open strings [58, 59]. The presence of any nearby D-brane
may lead in this case to innitely-fast dissipation [73, 74]. We leave these questions
to future investigation.
7. D-branes in the BTZ geometry
In this nal section we discuss the embedding of our D-branes in the background of
a BTZ black hole. This latter is part of the near-horizon geometry for the general
static ve-dimensional black hole, which has Q5 NS5-branes, Q1 fundamental strings
‖The spherical SU(2) branes may be of interest also in more conventional compactications,
similar in spirit to those of references [70, 71].
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and N = NL−NR units of Kaluza{Klein momentum in the (compactied) string di-
rection. Since the BTZ geometry can be obtained by periodic identication of (a part
of) the universally-covered AdS3, the D-branes discussed previously are still solutions
of the DBI equations. Hence, we need only worry about (i) their global structure,
and (ii) their physical interpretation in this novel setting. Euclidean signature or a
supercritical world-volume eld are \pathologies" at the local level, so the H2 and
dS2 solutions remain \unphysical". We will thus concentrate on D-branes which are
locally AdS2.
Let us rst recall certain standard facts about the BTZ geometry [3]. This is
obtained after modding out AdS3 by a discrete isometry
exp 2piξ  exp 2pi (r+ ξ32 − r− ξ01) , (7.1)
where ξMN are generators of Lorentz boosts in the (X
M , XN) plane of the embedding
Cartesian space. Without loss of generality we may assume r+  r−  0. To avoid
closed time-like curves, we must insist that the norm of the Killing vector ξ (dened
in an obvious way) stays everywhere positive. Negative-norm regions of AdS3 must
thus be removed before identications. For instance, if r− = 0 one must keep only
the interior of the half light cone in the (X3, X2) hyperplane. The boundaries of the
excised regions are singularities in the causal structure of the BTZ black hole. In the
regions where ξ is space-like, we may choose coordinates such that
∂’  ξ , ∂t′  r+ ξ01 − r− ξ32 and r2  (ξ, ξ) . (7.2)





r2 − r2+r2+ − r2−
1=2
exp (r+t0 − r−ϕ) , r > r+ ,
2L
(
r2+ − r2r2+ − r2−
1=2







r2 − r2−r2+ − r2−
1=2
exp (r+ϕ− r−t0) , r > r− ,
4L
(
r2− − r2r2+ − r2−
1=2
exp (r+ϕ− r−t0) , r < r− .
(7.4)
Here the ’s are pure signs { several dierent choices of them are necessary in order
to cover entirely the part of a hyperboloid where ξ is space-like. Note also that the
above transformations degenerate in the extremal case r+ = r−.
The metric in the (t0, r, ϕ) coordinates has the canonical BTZ form:
ds2 = L2
h




(r2 − r2+) (r2 − r2−) . (7.6)
21
The discrete identication makes ϕ an angular variable, ϕ = ϕ+2pi. The BTZ geom-
etry describes a three-dimensional black hole, with mass M and angular momentum
J , in a space-time that is asymptotically anti-de Sitter. The singularity at r = 0 is
hidden behind an inner horizon at r = r−, and an outer horizon at r = r+. Between
these two horizons, r is time-like. The coordinate t0 becomes space-like inside the









Extremal black holes have jJ j = ML. In the special case J = ML = 0 one nds
the near-horizon geometry of the ve-dimensional NS5/F1 stringy black hole in its
ground state. Since r+ = r− = 0, the BTZ and Poincare coordinates (u > 0)
coincide in this special case. The ground state of the stringy black hole should be
distinguished from global AdS3, because the region of negative r
2 (where ϕ would
have been time-like) is excised, and because r = 0 is a real singularity. Global AdS3
is obtained for J = 0 and ML = −1. One can check that (t0, r, ϕ) can be identied
with the global cylindrical coordinates (τ, sinh ρ, φ) in this case.
Let us return now to the AdS2 D-branes which are intersections of the (multiply-
covered) hyperboloid with a hyperplane XM = LC, whereXM is space-like. Dierent
choices for the embedding coordinate XM are equivalent in global AdS3, but not in
the BTZ geometry where the discrete identications break the SL(2,R)LSL(2,R)R
symmetry. Depending on the choice of XM the D-brane may, in particular, either
avoid or hit the BTZ singularity. A piece of its world-volume must be, of course,
excised in the latter case.
Consider for example X2 = LC. Using Eqs. (7.4) one nds, in the region r > r−:q
r2 − r2− = 3C
q
r2+ − r2− sinh (r+ϕ− r−t0) . (7.8)
At xed t0, this describes a (1, q) string coming in from innity, crossing the outer
horizon, and then spiralling around the inner horizon an innite number of times,
see Figure 6. The world-sheet (7.8) is not complete { a world-sheet cannot termi-
nate elsewhere other than at the singularity, or at the boundary of the space-time.
Continuing behind the inner horizon, at r < r−, we nd:q
r2− − r2 = jCj
q
r2+ − r2− cosh (r+ϕ− r−t0) . (7.9)
∗∗This arises in the near-horizon geometry of the (uncompactied) six-dimensional black string,






Figure 6: A D-string in the BTZ geometry spiralling in past the outer horizon, and then
circling around the inner horizon an innite number of times. The completion of this
world-sheet takes it behind the inner horizon, where it either hits the BTZ singularity, or
it reemerges eventually on the outside.
For jCj  r−
p
r2+ − r2−, the world-sheet hits the singularity, at r = 0, and ter-
minates. For smaller jCj, on the other hand, the string avoids the singularity and
reemerges on the outside. From there it can be continued back the AdS3 bound-
ary. Since C = qTF/TD, it is the number of fundamental strings in the (1, q) bound
state that determines its fate. Notice that as time goes on, the string undergoes a
ϕ-precession with constant angular velocity r−/r+ (for r− = 0 it is static).
For a dierent type of D-brane consider the inequivalent choice X1 = LC. In
the region r > r+ this constraint reads:q
r2 − r2+ = jCj
q
r2+ − r2− cosh (r+t0 − r−ϕ) . (7.10)





2 (r2+ − r2−) . (7.11)
In the special case r− = 0 the string is actually nite and circular. It shoots out
from the outer horizon, before turning around to fall back inside. Continuing its
trajectory behind the outer horizon we nd:q
r2+ − r2 = 2 C
q
r2+ − r2− sinh(r+t0 − r−ϕ) . (7.12)
Since the hyperbolic sine takes all posible values in R, there is no way to avoid the
singularity in this case: the (1, q) string is necessarily doomed to hit it.
In the BTZ geometry, our D-branes cannot be supersymmetric. To see why,
express the identication under the discrete isometry (7.1) in terms of SL(2,R)
group elements:
g = gL g g−1R , (7.13)
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where
gL = exp pi (r+ − r−) σ3 , gR = exp pi (r+ + r−)σ3 , (7.14)
and σ3 is the diagonal Pauli matrix. The gL (gR) act as SO(1, 2) boosts on the left-
moving (right-moving) currents of the WZW model, and on their fermionic partners.
As a result, they also act as Lorentz boosts on the spinor supercharges Q ( Q). Since
there is no invariant spinor under a Lorentz boost, the modding out kills all space-
time supersymmetries, unless one of the boosts happens to be trivial. This is the case
if r+ = r−, which implies gL = 1. The corresponding geometry describes the near-
horizon region of an extremal ve-dimensional black hole [14]. Since the unbroken
background supersymmetries are, however, in this case exclusively left-moving, any
D-brane will necessarily break them all. Indeed, the supercharges (5.7) cannot be
dened for any Ω.
This argument shows, nevertheless, how to construct supersymmetric D-branes
in a closely-related context. The idea is to replace the hyperbolic elements (7.14) by
elliptic elements of SL(2,R), which act as real rotations on the supercharges. Com-
bining these with equal-angle SU(2) rotations, acting on the S3 part of the space,
leads to discrete isometries that preserve both left- and right-moving supercharges.
A similar phenomenon is familiar from the study of supersymmetric branes at angles
[75]. Such orbifolds of AdS3S3 should arise in the near-horizon geometry of spin-
ning ve-dimensional black holes [62]. The resulting CFT could admit appropriate
supersymmetric D3-branes.
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Appendix A: Coordinate systems
We have collected in this appendix, for the reader’s convenience, the various systems
of coordinates for AdS3, which are employed in the main text. When the same
symbol is used in two dierent systems, the coordinate in question is the same. The
coordinates XM of the embedding space are called, for short, Cartesian coordinates.
Cylindrical coordinates (τ, ρ, φ)
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These are good global coordinates of the entire covering space, with ranges τ 2
]−1,+1[, ρ 2 [0,1[, and φ 2 [0, 2pi]. They are related to the Cartesian coordinates
as follows:
X0 + iX3 = L cosh ρ ei , X1 + iX2 = L sinh ρ ei . (A.1)
The metric in cylindrical coordinates reads:
ds2 = L2
(− cosh2ρ dτ 2 + dρ2 + sinh2ρ dφ2 . (A.2)
The boundary of AdS3 is at ρ ! 1. Its conformal nature is more transparent in a
system where the radial coordinate is compact, e.g. sinh ρ  tanϑ, with ϑ 2 [0, pi/2[.
The conformal boundary is located in these coordinates at ϑ! pi/2, and the metric
takes the following form:
ds2 = L2 cos2ϑ
(−dτ 2 + dϑ2 + sin2ϑ dφ2 . (A.3)
The hyperboloid is obtained by periodic identication of τ = τ +2pi. The hyperbolic
plane H3 is obtained by the Wick rotation τ ! iτ .
Poincare coordinates (t, x, u)
These render explicit the two-dimensional Poincare invariance of the space. They
are related to the Cartesian coordinates as follows:
X0 +X1 = Lu , X2 X3 = Luw , X0 −X1 = L (1u+ uw+w− , (A.4)
where w  x t. In terms of cylindrical coordinates they are given by
w = 1u (sinh ρ sinφ cosh ρ sin τ) (A.5)
and
u = cosh ρ cos τ + sinh ρ cos φ . (A.6)
The metric in Poincare coordinates has the standard form:
ds2 = L2
(
du2u2 + u2 dw+dw−

. (A.7)
As (t, x, u) range over the entire R3, they cover exactly once the hyperboloid. The
boundary of AdS3 is at juj ! 1. The surface u = 0 is a Rindler horizon. The
hyperbolic plane H3 is obtained by Wick rotating w
+ and w− to complex-conjugate
coordinates z and z. The upper half space u  0, covers the entire hyperbolic plane.
Anti-de Sitter coordinates (τ, ψ, ω)
These are such that the xed-ψ slices are AdS2 space-times. In terms of the Cartesian
embedding coordinates they are dened by
X1 = L sinhψ , X2 = L coshψ sinhω , X0 + iX3 = L coshψ coshω ei . (A.8)
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The relation to cylindrical coordinates is
sinh ρ cosφ = sinhψ , cosh ρ = coshψ coshω . (A.9)
The coordinates (τ, ψ, ω) are good global coordinates that take their values in the




(− cosh2ω dτ 2 + dω2 . (A.10)
Dening v  sinhψ we can write the metric equivalently as
ds2 = L2

dv21 + v2 +
(
1 + v2
 (− cosh2ω dτ 2 + dω2 . (A.11)
Notice that Poincare coordinates also give a natural slicing of AdS3 in terms of
(constant-x) AdS2 space-times. The radius of these latter is xed and equal to L,
whereas the constant-ψ slices have continuously-varying radius, ` = L coshψ.
De Sitter coordinates (~t, ~u, φ)
These are related to the Cartesian coordinates as follows:
X0 = L cosh ~ψ , X3 = L sinh ~ψ sinh ~t , X1 + iX2 = L sinh ~ψ cosh ~t ei . (A.12)
For ~ψ 2 [0,1[, ~t 2] −1,+1[ and φ 2 [0, 2pi], the patch covers only a part of the
hyperboloid: half the outside region of the light cone.
The further change of coordinates ~u  sinh ~ψ puts the metric in the form
ds2 = L2

d~u21 + ~u2 + ~u2(−d~t2 + cosh2 ~t dφ2) . (A.13)
Fixed-~u slices are two-dimensional de Sitter space-times with radii ` = L~u.
Hyperbolic coordinates (~τ , χ, φ)
For completeness we give also this system of coordinates, in which the natural slicing
is in terms of hyperbolic H2 planes. Its relation to Cartesian coordinates is as follows:
X0 = L sin ~τ , X3 = L cos ~τ coshχ , X1 + iX2 = L cos ~τ sinhχ ei , (A.14)
with ~τ 2 [0, 2pi] and χ 2 [0,+1[. The metric is
ds2 = L2
−d~τ 2 + cos2~τ (dχ2 + sinh2χ dφ2 . (A.15)
The above coordinate patch covers only a part of the hyperboloid. The complemen-
tary part can be covered by two de Sitter coordinate patches.
BTZ coordinates (t0, r, ϕ)
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The metric in these coordinates is that of the BTZ black hole,
ds2 = L2
h




(r2 − r2+) (r2 − r2−) . (A.17)
The coordinates t0 and ϕ should not be confused with the t and φ of other coordinate
systems. In the special case r+ = r− = 0 the BTZ and Poincare coordinates (u > 0)
coincide. In the region outside the outer horizon, r > r+, we can relate the BTZ to
the Cartesian coordinates as follows:
X0 X1 = L (r2 − r2+r2+ − r2−1=2 exp (r+t0 − r−ϕ) , (A.18)
X2 X3 = L (r2 − r2−r2+ − r2−1=2 exp (r+ϕ− r−t0) . (A.19)
In the interior region where one or both of the square roots become imaginary, these
must be replaced by their absolute values, and one should drop the corresponding
 sign. We have here assumed that r+ > r−  0; in the extremal case r+ = r− the
above transformations degenerate.
The BTZ identication ϕ = ϕ+2pi corresponds to modding out by a SL(2,R)
SL(2,R) boost, with parameters r+ and r−. The BTZ coordinates can be dened
more generally by choosing a Killing vector ξ cooresponding to a \double boost",
and then posing
∂’  ξ and r2  (ξ, ξ) . (A.20)
Regions of AdS3 where (ξ, ξ) is negative must be excised before the BTZ identica-
tion, in order to avoid closed time-like curves. The boundary of such regions is the
black-hole singularity. Notice that the BTZ coordinates do not cover entirely even
the remaining part of the hyperboloid, where ξ is space-like.
Appendix B: AdS2 branes in global coordinates
In this appendix we revisit the AdS2 solutions in global coordinates. General static
solutions are easy to analyse in cylindrical coordinates, where they can be described
by a function ρ(φ) and a world-volume \electric" eld F. The Gauss condition
plus the continuity equation for the energy{momentum tensor, , give a simple
rst-order dierential equation, which can be, in principle, solved. The current of
φ-momentum, , is a world-sheet constant in the static case. Note that contrary
to the current xx in Poincare coordinates, 

 does not vanish for the general AdS2
solution: this is consistent with the fact that ∂ is not a direction transverse to the
D-string when C 6= 0.
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Though the cylindrical coordinates are simple enough, the global anti-de Sitter
system (τ, ψ, ω) is even better adapted for discussing the AdS2 world-volumes. These
are spanned by the coordinates (τ, ω) at some xed value of ψ. We will now determine
this constant value in terms of the number q of bound fundamental strings. In anti-
de Sitter coordinates the ambient metric is given by Eq. (A.10), while the Neveu{
Schwarz eld strength background reads:
H  dB = 2L2 cosh2ψ coshω dψ ^ dω ^ dτ . (B.1)
We can choose
B = L2 (sinh 2ψ2 + ψ) coshω dω ^ dτ . (B.2)
The D-string carries a (covariantly-constant) world-volume electric eld, which in
static coordinates takes the form
F = dA = −κ coshω dω ^ dτ , (B.3)
with κ an a priori arbitrary constant. To x ψ as function of κ, consider the Dirac{
Born{Infeld action of the D-string,




cosh4ψ − (sinh 2ψ2 + ψ − 2piα0κL2)2 . (B.4)
Notice that we are here working in a \mini-superspace" approximation { fortunately,
the unbroken SL(2,R) invariance garantees that if we extremize with respect to a
constant ψ we will nd a solution to the full equations of motion. Performing the
variation of (B.4) gives the extremum:
ψ0 = 2piα
0κL2. (B.5)
Comparing the AdS2 radius, ` = L coshψ0, with the results of Section 4 leads to the
relation
sinhψ0 = C = qTFTD . (B.6)
Alternatively, this quantization of the AdS2 world-volumes could have been derived
directly from the Gauss condition, Eq. (4.12). Since TD  1/λs, the quantization is
invisible in the CFT at disk level.
The stability analysis of quadratic fluctuations can be readily performed, along
the lines of Ref. [22], in the anti-de Sitter coordinate system.
Appendix C: H2 instantons
For completeness, we describe here briefly the instantonic H2 solutions. The analysis
is simplest in hyperbolic coordinates, in which the metric and antisymmetric tensor
backgrounds can be written
ds2 = L2
−d~τ 2 + cos2~τ (dχ2 + sinh2χ dφ2 (C.1)
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and
B = L2 (sin 2~τ2 + ~τ) sinhχ dφ ^ dχ . (C.2)
The Euclidean D-branes are spanned by (χ, φ) at a constant value of the time coor-
dinate ~τ . They carry a uniform world-volume magnetic flux
F = dA = −~κ sinhχ dφ ^ dχ . (C.3)
The DBI action is purely imaginary and innite,
I(κ, ~τ) = 2piiL2T(2)
q
cos4~τ + (sin 2~τ2 + ~τ − 2piα0~κL2)2
Z 1
0
dχ sinhχ . (C.4)
Extremizing it formally gives:
~τ0 = 2piα
0~κL2 . (C.5)
The unbroken SL(2,R) invariance again garantees that this is an exact saddle point
of the action. After Wick rotation, both ~τ0 and ~κ become pure imaginary.
The physical interpretation of these solutions is unclear. The uniform world-
volume flux implies a uniform density of D-instantons, which is consistent with the
divergence of the Euclidean action.
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